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NILPOTENT INVERSE SEMIGROUPS WITH
CENTRAL IDEMPOTENTS
BY
G. KOWOL AND H. MITSCH

ABSTRACT. An inverse semigroup S with central idempotents, i.e. a strong semilattice
of groups, will be called nilpotent, if it is finite and if for cach prime divisor p; of the
orders of the structure groups of S the sets P, = {s € S| o(s) = pf+, k, =0} are
subsemigroups of S. If S is a group, then P, are exactly the Sylow p-subgroups of the
group. A theory similar to that given by W. Burnside for finite nilpotent groups is
developed introducing the concepts of ascending resp. descending central series in an
inverse semigroup, and it is shown that almost all of the well-known properties of
finite nilpotent groups do hold also for the class of finite inverse semigroups with
central idempotents.

1. Introduction. In the theory of finite groups the concept of nilpotency plays a
central role. There are a number of equivalent possibilities to define a nilpotent
group—for example see Huppert [5, 111.2.3]:

(a) For every prime divisor p of the order of G there exists one and only one Sylow
p-subgroup of G.

(b) G is the direct product of its Sylow subgroups.

(c) The descending central series of G terminates in the unity of G.

(d) The ascending central series of G terminates in G.

(e) Every homomorphic image of G different from the identity has a nontrivial
center.

(f) Elements of G having relatively prime orders commute.

In the following we try to generalise the notion of nilpotency in groups to the class
of inverse semigroups S. It turns out that properties similar to (a)-(f) above do hold
only under the additional assumption that the idempotents of S are central. Thus we
suppose S to be a Clifford semigroup. Recall (see Howie [3] or Clifford-Preston [2])
that a Clifford semigroup is defined as a semigroup (S, -), such that

(1) for every a € S there exists exactly onea™' € S withaa™'la =a,a™'aa™' = a™'

(2) ae = ea for everya € S, e € E(S) (= the semilattice of idempotents in S).

Equivalent to conditions (1) and (2) is the statement that S is a strong semilattice
of groups G,, i.e. S = UG, there is a congruence p on S such that S/p = Y is a
semilattice isomorphic to E(S), every element of S/p being a subgroup G, of S with
identity e,, and to each pair a, B € Y with « > 8 a homomorphism ¢, z: G, — Gg is
defined satlsfymg gy ° Pop = Pay for all @ >pB>y; furthermore for a, € G,,
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by € Gy we have a by = @, (a,)p (bg) € G, where y = aff in the semilattice Y
(see Clifford [1]).

Since normal subgroups of groups have to be replaced by congruences considering
semigroups, we derive some results on congruences of Clifford semigroups in §2
using the notion of congruence pairs introduced by Petrich [8]. The concept of the
commutator of two elements in a group can easily be generalised to inverse
semigroups; we shall consider it in detail in §3, since it will be extremely useful in
the investigation of nilpotent Clifford semigroups. The definition of nilpotency will
be given in §4, where we shall develop a theory analogous to that established by
Burnside for nilpotent groups.

2. Normal subsemigroups and congruence pairs. We recall the definition of
congruence pairs and corresponding congruences given by Petrich [8], which yields
the knowledge of all homomorphic images of an arbitrary inverse semigroup.

Let S be an inverse semigroup with semilattice of idempotents E(S); a subsemi-
group N of S is called “normal”, if (1) a € N=a' €N; (2) E(S)CN; (3)
s”'Ns C N for all s €S. A congruence £ on (E(S).-) is called “normal”, if e&f
(e, f € E(S)) implies s 'es¢s~'fs for every s € S.

A pair (§,e N), ¢ and N normal, is called “congruence pair of S, if

(1)ae € N,eéa"'a(a €S, e € E(S)) =a € N.

(2)a € N = a'eata'ae for every e € E(S).

If (£, N) is a congruence pair of S, then (&, N) defined by

ak(é&, N)b <= a'atb™'b and ab™' €N,

is a congruence on S whose restriction to E(S), tr, equals £ and whose kernel
kerk = {s € S| ske for some e € E(S)} is N. Conversely, if p is any congruence on
S, then (trp, kerp) is a congruence pair of S and p = k(trp, ker p); the correspon-
dence (§, N) — k(& N) resp. p — (trp, ker p) is one-to-one.

In the following only those congruence pairs (£, N) will be needed where £ = ¢,
the identity relation on E(S), which is normal trivially. The corresponding con-
gruences k(&, N) clearly are idempotent-separating, i.e. exf, e, f € E(S) = e = f.
Concerning the existence of such pairs we have by Mitsch [7, Proposition 2]: If S is
an inverse semigroup and N a normal subsemigroup of S, then (¢, N) is a
congruence pair of S, iff ae = ea for every a € N, e € E(S); in particular: every
pair (& N) is a congruence pair, iff S is a Clifford semigroup.

LEMMA 2.1. Let S be an inverse semigroup and Z(S) = {a € S| as = sa for every
s € S§}. Then (&, Z(S)) is a congruence pair of S iff S is a Clifford semigroup.

PrROOF. In order to prove sufficiency, we have only to show that (Z(S), ) is a
normal subsemigroup of S. By hypothesis E(S) C Z(S); a, b € Z(S) implies ab €
Z(S) evidently. Let a € Z(S); then as™' = s'a for every s € S, thus sa™' = a~'s by
taking inverses and @' € Z(S). Finally leta € Z(S), x, s € S; then

1 1

s(x7lax) = s(x7'a)x = sax~'x = asx"'x = a(x7'x)s = (x7'ax)s,
thus x~'ax € Z(S) for every x € S. Necessity is clear, since E(S) C Z(S) means

that the idempotents of S are central.
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LEMMA 2.2. Let S be an inverse semigroup. Then S/x(e, S) = E(S) iff S is a
Clifford semigroup. If S /x(e, N) = E(S) for some normal subsemigroup N of S, then
N=S.

PrROOF. The first assertion is Theorem 2.6 of Howie [4]. The second statement is
clear, since S/k(e, N) = E(S) = S/k(¢, S) implies (e, N) = k(¢, S), so that by
Petrich [8, Corollary 4.5] follows N = S.

LEMMA 2.3. Let S be an inverse semigroup. (a) If p is any congruence on S and K is
a normal subsemigroup of S/p, then ”\(K) is normal in S (@ the natural homomor-
phism of p). (b) If p is any congruence of S with kernel N, then o(N) = E(S/p).

PROOF. (a) is evident. (b) Let @ € N; then [a], = [a"'a],,, since
a~'a¢(a"'a)'(a'a) =a'a and a(a'a)' =aa'a=a€EN

imply apa~'a; consequently [al, € E(S/p) and @(a) € E(S/p). Conversely let
[a], € E(S/p); then by the lemma of Lallement [6] [a], = [e], for some idempotent
e € E(S) C N, thus ¢(a) = ¢(e) € ¢(N) and [a], € @(N).

LEMMA 2.4. Let S be a Clifford semigroup. (a) If p is a congruence on S, then S /p is
a Clifford semigroup. (b) If M, N are normal subsemigroups of S, then N - M is normal
in S, too.

PrOOF. (a) First S/p is an inverse semigroup (see Clifford-Preston [2]); let
[a], € E(S/p), then [a], = [e], for some e € E(S) by Lallement [6] and [a],[s], =
lel,[s], = [es], = [sel, = [s],[a], for every [s], € S/p, ie. the idempotents of S /p
are central.

(b) Let a, b E N - M; then a = x,y,, b= x,y,, x|, X, EN, y,, y, € M; thus
ab = xy1%,0, = X )(6X3'%)y = (X3 )y, = xx(x3nix)y, =
(x,x,)my, = n(my,) = nm, EN - M;ifa€N-M,thena=xyanda™' =y 'x"
=y xxx ) =(x"x)y'x")EN-M;E(S)CN-M,sincece=e-eEN-M
for every e € E(S); finally leta € N - M, s € S; then a = xy and s~ las = s 'xys =
sTxy(ss s = (s7'xs)(s7'ys) EN - M.

3. Commutators in inverse semigroups. The concept of the “commutator of two
elements x, y of an inverse semigroup S” can be defined in the same way as for a
group: [x, y] = x~'y~'xy. Similarly by the “commutator semigroup 7" generated by
the subset T of S we mean the least inverse subsemigroup of S containing all the
commutators [x, y] of arbitrary elements x, y of T. For T=S we call S’ the
“commutator semigroup of S”.

PROPOSITION 3.1. Let S be a Clifford semigroup. Then the following hold:

(a) Two elements a, b € S commute iff [a, b] € E(S).

(b) (S, -) is commutative iff S' = E(S).

(c) If K, N are two normal subsemigroups of S such that K N N = E(S), then every
pair of elements x € K,y € N commute, i.e. xy = yx.
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PROOF. (a) Let ab = ba for two elements a, b of S; then [a, b] = a b lab =
a'(b”'b)a = (a~'a)(b'b) € E(S). Conversely let [a, b] € E(S) for some a, b € S;
then

bala, b] = b(aa™" )b 'ab = (bb™")(aa'a)b = (bb~")ab = abb™'b = ab;
this means in the natural order of S, that ba = ab; but [a, b] € E(S) = [a, b] =
[a, b]™' = [b, a], thus ab[a, b] = ab[b, a] = ba, and ab = ba.

(b) If (S,-) is commutative, then by (a) just proved: [a, b] € E(S) for all
a, b € S, which means that E(S) being an inverse subsemigroup of S contains all
the commutators of S. By the minimality of the commutator semigroup S’ we get
S’ C E(S); on the other hand we have for every e € E(S) that e = [e, e] € S’ and
equality follows. The converse statement is clear by (a).

(c) Leta € K, b € N be arbitrary elements; then [a, b] = a” (b 'ab) = k k, € K,
since K is normal; analogously [a, b] = (a"'b"'a)b € N. Thus we get [a, b] € K N
N = E(S) and we conclude by (a), that ab = ba.

The condition that S be a Clifford semigroup in Proposition 3.1 cannot be
weakened, as the following corollary shows.

COROLLARY 3.2. In an inverse semigroup S [a, b] € E(S) implies ab = ba for
elements a, b of S iff S is a Clifford semigroup.

PROOF. Sufficiency is obvious by Proposition 3.1(a).
Necessity. Leta € S, e € E(S); then

(a'ea)(a'ea) = a'e(aa")ea = (a'aa™"')ea = a 'ea,

thus a~'ea € E(S) and therefore [e, a] = e(a'ea) € E(S). By hypothesis this im-
plies ae = ea for every a € S, e € E(S), which means that the idempotents of S are
central.

The commutator semigroup S’ of a Clifford semigroup S is always a normal
subsemigroup of S: by definition S’ is an inverse subsemigroup of S; E(S) C S’
trivially; let a € S’, s € S, then a is a product of commutators of S—suppose first
thata = [x, y], x, y € S, then

sTlas =57 [x, yls =sx "y lxps = s x 7y xp(ss ) s

=5 s )y ps = (s s) (s Y ls)s T xys
= (s7'%7's)(s7y"s)s x(ss ) ys =[s7'xs, s7'ys] € §%;
by a similar argument the general case can be shown, too. Now by Mitsch [7,
Proposition 2], (¢, N) is a congruence pair for any normal subsemigroup N of an
arbitrary Clifford semigroup S; thus k = (e, S’) is a congruence on S. For sake of
convenience we shall write for the factor semigroup of S with respect to the
congruence k = k(¢ S’) in short: S/S’; generally,
S/N... factor semigroup of S with respect to the congruence k = (&, N).

PROPOSITION 3.3. For any Clifford semigroup the following hold:

(a) S/S’ is commutative.

(b) S/p is commutative iff p = k = (e, S').

(c) S/N is commutative iff N D S’
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PROOF. (a) Let k = k(e, ') and [a],, [b], € S/S’ arbitrary; then
(ab)'ab =b"a'a)b = (a'a)(b>'b) = a 'b 'ba = (ba) 'ba

and furthermore (ab)(ba)™' = aba™'b™' =[a™', b™'] € S’; by definition of (e, S’)
this means that abx(e, S")ba; consequently [a],[b], = [ab], = [ba], = [b].[a], and
S /S’ is commutative.

(b) If p= k(e S’), then by the second (Howie [3, Theorem 1.5.6]) we have:
S/p =(S/x)/(p/x), where [a] (p/k)[b], = apb. By (a) the semigroup (S/S’, -) is
commutative, thus every factor semigroup of it, too, and so is S/p. Conversely let
S /p be commutative for some congruence p on S. The congruence pair defining p is
given by (tr p, ker p); comparing this with the congruence pair (e, S’) in the ordering
of Corollary 4.5 in Petrich [8] we have: & < trp trivially; moreover S” C ker p, since
for any x € ', x = [s, t] it follows stpts (S /p is commutative), thus 1~'stpr ~'tspst ™'t
and s't"'stp(s”'s)(t7"t), consequently [s, t]pe for some e € E(S), which implies
that x = [s, t] € kerp; also every product of commutators on S belongs to kerp
(since ker p is normal in S); hence we obtain (¢, S') < (trp, kerp), i.e. k = k(e, S') <
p = p(trp, kerp).

(c) This is assertion (b) formulated by means of normal subsemigroups, since for
any (normal) congruence £ on E(S) we have £ = ¢ trivially.

4. Nilpotent Clifford semigroups. The ‘best’ definition of nilpotency for our
purposes is that which corresponds to property (a) of finite nilpotent groups above:
for every prime divisor of the order of the group there exists exactly one Sylow
subgroup.

DEFINITION. Let S be a finite Clifford semigroup, S = UG,, « € Y. For every
s € S let o(s) denote the order of s in the group G,, to which it belongs; further let
Pi---»p, be all the prime divisors of the orders of the groups G,, « € Y. Then S will
be called “nilpotent”, if the following subsets of S are subsemigroups (i = 1,...,n):

P,={s€S|o(s)=pl, k,=0}.

REMARKS. (1) If S is a group of finite order, then P, are exactly the Sylow
p-subgroups of G. Thus if S is Clifford, we shall call P, the “Sylow p-subsemigroups
of S”—by definition, there exists one and only one such for every prime-divisor p,
(i=1,...,n).

(2) P, # @ (i = 1,...,n), since for every idempotent e, € E(S), a € Y, and every
prime p; (i = 1,...,n) we have: o(e,) = 1 = plin G, implying E(S) C p, for all i.

(3) Every subsemigroup 7 of a nilpotent Clifford semigroup is nilpotent, too. In
fact: since S is finite, each of the defining groups G,, a € Y, is finite; thus for every
a €T,ie a€ G, for some a € Y, the inverse a™' belongs to the subgroup of G,
generated by a in G: a”' € {a,a?...,a”'}; this set belongs to T, since T is a
subsemigroup of S, consequently (7, -) is an inverse subsemigroup of S, which
moreover has only central idempotents, trivially, i.e. T is a Clifford semigroup. T is
nilpotent, since 4, = {x € T| o(x) = p¥} = P, N T, where P, and T are both sub-
semigroups of S, consequently A4, is a subsemigroup of T, too.
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Similarly to commutative Clifford semigroups (compare Corollary 1V, 2.2 of
Howie [3]) nilpotent Clifford semigroups can be described by their defining groups
in a simple way—they are exactly those Clifford semigroups which are built up by
nilpotent groups, providing enough examples of nilpotent Clifford semigroups.

THEOREM 4.1. A finite Clifford semigroup S is nilpotent iff each of the defining
groups G, a € Y, is nilpotent.

Proor. First let G, be nilpotent for each a € Y; then every G, has exactly one
Sylow p-subgroup with p, prime divisor of the order of G,. Let a,b € P, = {s €
S|o(s) = pi. k,=0}; then for a € G,. b € Gy the elements a resp. b belong to the
Sylow p-subgroup of G, resp. Gz. If y = af in the semilattice Y, then ab =
P (@) (D), Where @, ., G, = G, g5 2 Gy — G, are the defining structure homo-
morphisms. Since any homomorphic image of a p-group is a p-group again, the
elements ¢, (a) resp. gz (b) belong to the Sylow p-subgroup of G,, consequently
their product, too. Thus o(ab) = p/ and ab € P..

Conversely let S be nilpotent and let p, (i = 1,...,k) be the prime divisors of the
order of G,, a« €Y fixed. We show that 7, = {g € G,|o(g) =p/, r=0}, i =
1,...,k, is a subgroup of G,: first we note that T, = G, N P,, where both G, and P,
are subsemigroups of S, thus 7; also in G; but since G, is finite, T, is a subgroup of
G,; now by definition 7; is the only Sylow p-subgroup of G, and we conclude by
Huppert [S, Theorem III, 2.3], that G, is nilpotent.

The property of P, being a subsemigroup in any nilpotent Clifford semigroup has
several important consequences.

LEMMA 4.2. For any finite nilpotent Clifford semigroup the following hold:
(1) Every subsemigroup P, (i = 1,...,n) is normal in S.

)1, Py N P, = E(S) forevery k =2,...,n.
B3)S=M-,P,ie.s€ES=5s=gq, -q,withq, € P,

(4) PN\ P, = E(S) fori #j (i, j = 1.....n).

ProOOF. (1) (P, -) is an inverse subsemigroup, since x € P, implies x € G, for
some a € Y witho(x) = p/ (r = 0); thusx™' € G, witho(x™') = o(x)and x~' € P,.
Because of o(e) = p? for every e € E(S) and every i = 1,...,n we have E(S) C P,
Finally let a € P, s €S; then a € G,, s 'as € Gy for some «, B € ¥; now
(s7'as)@ = s7'a(ssNa(ss™') - (ssVas = s7'(ss7Ha% Vs = s7les € E(S),
which implies that o(s'as) divides o(a) = p/, thus o(s'as) = p' (t <r) and s 'as
€ P.

(2) For k = 2,a € P, N P, implies o(a) = p} = p5 (p, # p,), consequently r = ¢
=0 and o(a) = 1, i.e. a € E(S); the opposite inclusion is trivial, since E(S) C Py,
P, by (1) above. Now by way of induction let a € (Il,_, P,) N P, i.e. a € P, and
acll,., P, where II,.,_,P)N P, , = E(S). Then a =(q, - g,_,)q,_, With
q,€EP,j=1,...k—1, thus a = bc, where b €ll,., | P;, c € P,_,. By Lemma
2.4(b) and (1) above II,.,_, P, and P, , are normal subsemigroups of S, so that
bc = cb by Proposition 3.1(c); generally: (bc)” = b"c” for every n € N. Let o(q,_,)
=t thena' =(q, " ¢ 1) 1 =1(q, - g ,)ewithe € E(S); leto(q,_,) =r;
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then a” = (a') = (4, -~ d_3)"4i"2¢ = (q) -+~ g—3)"fe with e, f € E(S), and so
on: a*=e, ---e,_, € E(S) where s = 0(q,) - - o(q,_,). Consequently o(a) di-
vides s; but since o(a) = p}, s = pt1 ---pi+ and p, #p (j= L....k — 1), we
conclude o(a) = 1 and a € E(S). Thus we have proved that (Il,_, P,) N P, C E(S);
the opposite inclusion is clear, since E(S) C P, for every j = 1,....,n by (1) and so
E(S)CIl,ci P,

(3) Lets € S, i.e. s € G, for some a € Y. Since S is nilpotent, also G, is nilpotent
by Theorem 4.1; thus G, is the direct product of its Sylow p-subgroups (G, ), and
s=g ---g with g €(G,), C P. Consequently s =g, ---q, with g, € P, (i =
1,...,n), because those factors g; which do not occur in s =g, -+ - g, can be added
choosing the unity e, € G, for them (e, € P, fori = 1,...,n trivially).

(4) Leta € P, N P, (i # j); then o(a) = p; = p;- Since p; # p;, it follows r = 1 = 0
and thus o(a) = 1, i.e. a € E(S) and P, N P, C E(S). The opposite inclusion is
trivial by Remark (2) above.

Applying Proposition 3.1(c) we conclude from Lemma 4.2 the following

COROLLARY. If S is a finite nilpotent Clifford semigroup, then every element admits
a representation as a product of pairwise commuting elements in the Sylow subsemi-
groups of S, i.e. s € S implies that s = q, - - - q, with q; € P, and q,q9; = q,4, (i # J),
i,j=1,...,n.

Nilpotent groups G are exactly those which are the direct product of their Sylow
p,-subgroups (G), (p; a prime divisor of the order of G); thus every element of G
admits a unique factorisation into elements of (G), (i = 1,...,k). For nilpotent
Clifford semigroups S we have by the corollary above indeed a representation of any
element of § as a product of commuting elements in the Sylow subsemigroups P; of
S, but uniqueness is valid only “up to idempotent factors”.

THEOREM 4.3. A finite Clifford semigroup S is nilpotent iff every element s € S
admits a representation as product of elements in the Sylow subsemigroups P, of S
unique up to idempotent factors,i.e.s =a, ---a,=b,---b,,a,b, € P(i=1,...,n),

s € G, imply a,e, = bie, (i = 1,...,n), where e is the identity of G,.

PROOF. Necessity. Let s = aa, ---a, with s € G, and a4, € G, . Since a = a;a;
---a, in Y, it follows that a < a;. Thus aa; = . However, s = e,s = (e,a,)(e,a,)
-+ (eqa,) and e,a, € G,, = G,; the uniqueness of e,a,...,e,a, now follows since
G, is a nilpotent group (by Theorem 4.1) and since a, € P, = e,a, € P,.

Sufficiency. By Theorem 4.1 we need only to prove that every G,, a € Y, is
nilpotent. By way of contradiction we suppose that there exists a group G = G,,
a € Y, which has two different Sylow p,-subgroups G, and G, ( p; a prime divisor of
the order of G,). Let g € G, C G, g & G,; then with e = ¢, we have a representa-
tion g = e ---ege---e where e € P, (j # i) and g € P,. Now every finite group is
the product of its Sylow subgroups G, ; by Huppert [S, Hilfssatz 2.12(a)] G, N G,

= {e,} (p, # p;) implies that |G, --- G, |=|G, | ---|G, |=p} - p,, whichis
exactly the order of the group G. Thus G =G, --- G, ; in particular G = G,

--G,--- G, , since G, is a Sylow p-subgroup of G. Consequently g € G can be

P’



444 G. KOWOL AND H. MITSCH

written in the form g=g,---g,---g, with g, € G, CP (g €G, =G,y). By
hypothesis these two representations of g € S are equal up to the idempotent factor
e,=e (§EG,); thus ge=ee=e,...,ge =ge,....g, e —ee=e, ie. g =
e.....8,=g&...,.8, = e, which implies g = g, € G,, a contradiction.

The following two results are generalisations of well-known properties of finite
nilpotent groups.

PROPOSITION 4.4. A finite nilpotent Clifford semigroup S (7 E(S)) has nontrivial
center, i.e. Z(S) # E(S).

PROOF. Since S # E(S), let 8 = min{a € Y || G, |> 1} in the finite semilattice Y.
Since Gy is nilpotent (by Theorem 4.1) and | Gg|> 1, there exists z € Z(Gp) with
z # e To show that z € Z(S), leta € G, C S. Then az, za € G,4. If B < B, then
az = za = e,y by choice of . On the other hand, if af = B, then the definition of
product in S and the fact that z € Z(Gp) imply that az = ¢, g(a)z = z¢, g(a) = za.
Thus z € Z(S).

REMARK. In the proof of the following proposition we shall make use of the
following observation: if N is any normal subsemigroup of a finite Clifford semi-
group S, then the set {q;| j = 1,...,m} of prime divisors of the orders of the
defining groups Hg of S/N is contained in the set {p,|i=1,...,n} of prime
divisors of the orders of the defining groups G, of S. In fact: if [s] € S/N where
o(s) = k. then [s]* = [s*] = [e,] and o([s]) divides k = o(s); consequently if g, is a
prime divisor of | Hgz |, then by the Sylow theorem there is an element [a] € Hj with
o(la]) = q/; since o([a]) divides o(a) = p{' - - - p}~, g, is one of the primes p,.....p,.
Renumbering the p, (i = 1,...,n) in the evident ordering we can write q, =
Pis---+q, = Py The primes p, . \,...,p, missing in {g,;} can be added, since for
every idempotent [e] € S/N we have o([e]) = pjo withj=m+1,..., n.

PROPOSITION 4.5. If S is a finite nilpotent Clifford semigroup, then for every normal
subsemigroup N of S also S/N is nilpotent.

PrROOF. By Lemma 2.4(a) S/N is a Clifford semigroup again. With regard to the
Remark above we have to show that the sets Q, = {[a] € S/N| o([a]) = p/, r = 0},
i = 1,...,m, are subsemigroups of S/N. For this end we shall show that for every
[s] € O, there exists a; € P, such that [s] = [a,]; for then [a], [b] € Q, implies
[ab] = [allb] = [a,][b,] = [a;b,], thus

[ab]” = [a,b,]" =[(a,b,)"] = [e] with[e] € E(S/N),

since a,, b, € P, implies by hypothesis that a;b; € P,; consequently [a][b] € O,.
By the Corollary of Lemma 4.2, every s € S can be written in the form s = ¢,
TG, T 06 Gy g Withe, € PlLets € Gy, ¢ € G s thena = ap - a

If we show that [s] = [c;e,] for [s] € Q,, e, € G,, then we can choose a, = c,e, €
P, - P, C P, This is equivalent to showing

n

ss™' = (ce,)(ce,) " s(ce,)” €N.

1 a
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We have ss™' = e, and (ce )(c,e,)” = c,ci'e, €G, - G, = G, (since a < a,, i =
1,...,n), consequently (c;e,)(c,e,)”" = e,. Furthermore
-1 _ -1
s(cieg)” = () cimg€ipy "'Cn)(cic.' )ea
T O GG T Cp€a €q T €yt GGy T Gy

(since @ < ;). Now [s] € Q, implies that o([s]) = p/, thus [s]7" = [s”] = [e] for

some e € E(S), i.e. s” belongs to ker (e, N) = N. If p denotes max{ p/, p/'}, where

pli=o(c;), then s? = ¢ ---¢cf ---cF by the Corollary of Lemma 4.2, i.e. s7 = cf
-~ e, -~ ck. The system of linear congruences in N:

px =1(p),....px = 1(p[=}), px = 1 pjyt),....px = 1( pr)

has because of ( p, pj’) = 1 for allj # i by the Chinese remainder theorem a solution

g € N.Thus (s”)? =cf9---e, ~--cf!=c ---¢, - c,; consequently
que =C, € ceeC . —=Cy)""C: C: --cce.e
a 1 a, nta 1 i—1%i+1 n“ata
— -1 — -1
=) Cigy (c,c,- )ea = s(ce,) .

Since the element s7' belongs to N, also s”%e, € N and we obtain s(c,e,)”' € N.

For finite groups G nilpotency is equivalent to the fact that the “ascending central
series” of G terminates in G: if Z, = {1} and Z, denotes the complete inverse image
of Z(G/Z,_,) under the natural homomorphism G » G/Z,_,, then there exists a
k €N such that {1} =Z,CZ, C--- CZ, = G. For nilpotent Clifford semi-
groups the same is true defining the ascending central series in an analogous way.

THEOREM 4.6. If S is a finite nilpotent Clifford semigroup (# E(S)), then the
ascending central series of S terminates in S, i.e. there is a k € N such that Z, = S,
where Z, = E(S), Z, = Z(S) and Z, is the complete inverse image of Z(S/Z,_)
under the natural homomorphism S — S/Z,_,.

ProOF. First we have to show that Z, (i = 0, 1,...) are normal subsemigroups of
S: for i =0, Z, = E(S) is normal, trivially. By way of induction suppose Z,_, is
normal in S; then by Lemma 2.1 S/Z,_, is defined and by Lemma 2.4(a) is a
Clifford semigroup too; but Z(S/Z;_,) is normal in S/Z;, | by Lemma 2.1 again, so
that by Lemma 2.3(a) the complete inverse image Z;, of Z(S/Z,_,) under natural
homomorphism S — S/Z,_, is again normal in S.

Now since S is nilpotent, Z, = Z(S) # E(S) by Proposition 4.4, i.e. Z, = E(S)
CZ,=2Z(S). Assume Z,C Z, C --- C Z, for some i € N. By Lemma 2.1 and
what we have just proved S /Z, is defined and by Proposition 4.5 is nilpotent again.
There are two possibilities for S/Z,. First: S/Z, = E(S/Z;); then by Lemma 2.2 we
have Z;, = S and the ascending central series terminates already with k = i. Second:
S/Z,# E(S/Z,); then by Proposition 4.4 we have Z(S/Z;) # E(S/Z;). Thus the
complete inverse image Z; ., of Z(S/Z;) under the natural homomorphism ¢:
S — S/Z; contains Z; properly, since for Z,,, = Z, we had ¢(Z, ) = @(Z) =
E(S/Z;) by Lemma 2.3(b), which would imply Z(S/Z;) = E(S/Z,) by definition of
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Z,,,, a contradiction. Consequently we get Z,C Z, C --- CZ, CZ,,,. But Sis
finite, so that the first possibility has to occur for some k € N and we obtain
Z =S

For (finite) groups G the concept of “descending central series” is defined as
follows: if T, U are subsets of G and if [T, U] denotes the subgroup of G generated
by all the commutators ¢, u},t € T,u € U, thenfor K, = G, K, = [K,, G] =[G, G},
generally: K, = [K,_,,G] we have G = K, D K, D ---. In case that G is nilpotent,
the descending central series terminates in the identity of G.

For inverse semigroups S the sets K, (i = 1,2,...) can be defined similarly as
those inverse subsemigroups of S which are generated by all the commutators [k, s],
k€K, |, s€S, where K, =S. We shall prove an analogous criterion for the
nilpotency of finite Clifford semigroups using this concept. First we show that each
K, is a normal subsemigroup of S: for i = 1 the assertion is trivial;, for i = 2:
K, =[S8, S] = S’, the commutator subsemigroup of S, which is normal in S (see §3);
now let K, | be normal in S, then by definition K is an inverse subsemigroup of S
with E(S) C K, (since e € K, | and e € S imply e = [e, ¢] € K,); further x € S,
a €K, e a=[r,s]withre K, |, s €S, imply x'ax = [x"'rx, x'sx] € K, by
the same argument as for S’ in §3, since x 'rx € K, | by hypothesis.

THEOREM 4.7. For a finite Clifford semigroup S the following hold.:

(1) If Z, = S for some k € N, then the descending central series of S terminates in
E(S),i.e. K, = E(S) for somej € N,andj =k + 1.

(2) If K, = E(S) for some j € N, then S is nilpotent.

PrOOF. (1) First we show by induction that K, C Z, ,,,(i=1,2,...). Fori = 1:
S=K,CZ, = S.Supposenow that K, , C Z, ,,,; thenweget K, = [K,_|, S] C
[Z, ,.,.S]=T. If ¢ denotes the natural homomorphism S - S/Z, ,,,, we pro-
ceed to show that ¢(a) € E(S/Z, _,,,) foreverya € T: if a € T, then a = [r, 5]
for some r€ Z, ,,,, s €S, oris a product of such commutators; consequently
p(a) = [(r). @(s). Since 9(Z; ,.5) = Z(S/Z;,,,). we have o(r) €
Z(S/Z, . ), and further by definition of @: @(s) € S/Z, ;. ; thus ¢(r)p(s) =
@(s)p(r); by Proposition 3.1(a) we get ¢(a) = [p(r), ¢(s)] € E(S/Z,_,.,). since
S/Z, ., is a Clifford semigroup by Lemma 2.4(a). This means ¢(a) = ¢(e) for
some e € E(S) by the lemma of Lallement [6], i.e. [a], = [e], for the congruence
k = k(e, Z, _,,,)- By definition of k we conclude that a™'a = e, ae € Z, _, |, so that
by the definition of a congruence pair follows ¢ € Z, _,,,. Consequently we obtain
TCcZ ,.,,and K, CTCZ _, ,(i=12...). Fori=k+1 this gives K, ., C
Z, = E(S): conversely K, ., is normal in S, so that E(S) C K,,, and equality
follows: K, ., = E(S). Generally, since E(S) = K,,, C K, C ..., we have K, =
E(S)forallj =k + 1.

(2) Conversely let K, = E(S) for some j € N; then it is easily seen that K (G,) C
K,(S) = E(S) for each of the defining groups G,, a € Y, of S. Since K/(G,) C G,
for every a € Y and since G, has exactly one idempotent, the identity e,, we get
K,(G,) = {e,}. This means that for every a € Y there is j, <, such that K (G,) =
{e,}; thus by Huppert [5, Satz 111.2.3], every G, is nilpotent, and consequently § is
nilpotent, too (by Theorem 4.1).
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Applying Theorem 4.6 we obtain the following characterisation.

COROLLARY. 4 finite Clifford semigroup S is nilpotent iff its descending central series
terminates in E(S), or equivalently: iff its ascending central series terminates in S.

Another necessary and sufficient condition for the nilpotency of a Clifford
semigroup is the following:

THEOREM 4.8. A finite Clifford semigroup S is nilpotent iff every homomorphic image
T of S with T # E(T) has nontrivial center (i.e. Z(T) % E(T)).

PRrOOF. Sufficiency. For T = S we have by hypothesis Z(S) # E(S). By Lemma
2.1 (&, Z(S)) is a congruence pair, thus S/k(e, Z(S)) is a homomorphic image of S.
If S/Z(S) = E(S/Z(S)), then Z(S) = S by Lemma 2.2 and the ascending central
series is Z, = E(S) C S = Z;; thus S is nilpotent by the Corollary of Theorem 4.7.
If S/Z(S)# E(S/Z(S)), then Z(S/Z(S)) is nontrivial by hypothesis; thus we
obtain for the complete inverse image Z, of Z(.S/Z(S)) under the natural homomor-
phism S - S/Z(S)=S/Z, that Z, C Z, (see the proof of Theorem 4.6). This
inclusion being strict we get after a finite number of such steps: Z, C Z, C --- C
Z, = S (since S is finite) and S is nilpotent by the Corollary of Theorem 4.7.

Necessity. We show, that every homomorphic image T of the nilpotent Clifford
semigroup S is nilpotent (this implies by Theorem 4.4, that Z(T') # E(T)). First we
note that K (S) = E(S) for somej € N (the Corollary of Theorem 4.7). If ¢: § - T
denotes the defining homomorphism, then we have (K ;(S)) = @(E(S)) = E(T) =
K (9(S)) by Lallement [6]. Generally: o(K,(S)) = K,(¢(S)), i = 1,2,.... In fact:
for i=1 we have K\(S)=S and ¢(K(S)) =@(S)=T=K|(T) =K |(9(S)).
Assume that ¢(K,;_,(S)) = K;_,(¢(S)) has already been shown: then ¢(K,(S)) =
P(K;—((S), SD = [@(K;_ (), p(S)] = [K;— ((9(S)), (S)] = Ki(9(S)). For i =
we get: E(T) = @(E(S)) = ¢(K(S)) = K,(9(S)) = K(T), so that by the Corollary
of Theorem 4.7 also T is nilpotent.

The proof of the necessity above generalises Proposition 4.5 to

COROLLARY. Every homomorphic image of a finite nilpotent Clifford semigroup is
again nilpotent.

As a last criterion on nilpotency of Clifford semigroups we show

THEOREM 4.9. A finite Clifford semigroup S is nilpotent iff elements of S having
relatively prime orders commute.

Proor. If all elements of relatively prime order in S commute, so do in particular
all a,b € G, (a € Y), if their order is relatively prime; thus every group G, is
nilpotent (by Huppert [5, I11.2.3]) and so by Theorem 4.1 S is nilpotent, too.

Conversely let S be nilpotent, a, b € S elements with relatively prime orders; then
a€ G, b€ Ggand ab, ba € G5 = G, (a, B,y = af € Y), where by Theorem 4.1
G, is nilpotent. We have ab = ¢, (a)g; (b) € G,; since the order of the image of a
resp. b under the corresponding structure homomorphism ¢, , resp. g, | is a divisor
of the order of a resp. b, the orders of ¢, (a) and g, () in G, are relatively prime
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also; consequently they commute (Huppert [5, 111.2.3]) and we finally have ab =
Po(@)Pp (b)) = @5 (D)9, (a) = ba.
Summarising the results of Theorems 4.3, 4.6, 4.7, 4.8 and 4.9 we get

MAIN THEOREM. If S is a finite inverse semigroup with central idempotents, then the
following properties of S are equivalent:

(a) S is nilpotent.

(b) S is the product of its Sylow subsemigroups, representations being unique up to
idempotent factors.

(c) The ascending central series of S terminates in S.

(d) The descending central series of S terminates in E(S).

(e) Every nontrivial homomorphic image of S has a nontrivial center.

(f) Elements of S having relatively prime orders commute.

Finally we prove two results on minimal normal subsemigroups resp. homomor-
phic images of nilpotent Clifford semigroups.

PrOPOSITION 4.10. If N is a minimal normal subsemigroup of a nilpotent Clifford
semigroup S, then N C Z(S); in particular (N, -) is commutative.

PROOF. It can be easily seen that [N, S]is a normal subsemigroup of S. We show
that [N, S] C N: clearly [N, S] C N, since [n, s] = n”'(s 'ns) € N for every n € N,
s € §; assume by way of contradiction, that [N, S] = N; then [N, S] C [S, S] and
([N, S], S]CIIS, S, Sl ie. [N, S] C K;,andsoon, until: N = [N, S] C K, = E(S)
for some j € N, since S is nilpotent (the Corollary of Theorem 4.7); but N is normal,
thus E(S) C N and we get N = E(S), a contradiction to the minimality of N. Now
[N,S] C N and the minimality of N again imply [N, S] = E(S); this means
[n,s] € E(S) for all nE N, s €S, so that ns=sn for all nEN, s €S by
Proposition 3.1.

PROPOSITION 4.11. Let S be a Clifford semigroup, o(S) = T a homomorphic image
of S, k = k(&, N) the corresponding congruence. Then T is nilpotent iff K,(S) C N for
some i € N.

PrOOF. If o(S) = T is nilpotent, then by the Corollary of Theorem 4.7 there exists
some i € N such that K(T) = E(T), i.e. K(9(S)) = E(9(S)). By Theorem 4.8,
proof of necessity, we conclude ¢(K;(S)) = K,(¢(S)) = E(¢(S)). This implies that
for every a € K,(S) we have ¢(a) = [a], = [e], for some e € E(S) (by Lallement
[6]); consequently ak(£, N)eand a € kerk = N, i.e. K,(S) C N for thisi € N.

Conversely let K,(S) C N for some i € N. We have already proved (before
Theorem 4.7), that K,(S) is a normal subsemigroup of S; thus by Mitsch [7,
Proposition 2], (&, K;(S)) is a congruence pair of S. Now in the natural ordering of
congruence pairs given by Petrich [8, Corollary 4.5], (e, K,(S)) < (&, N), thus
p = p(e, K,(S)) <k = k(& N). Consequently (S/p)/(k/p) =S/x by the second
isomorphism theorem (see Howie [3, Theorem 1.5.6]). Further S /p is nilpotent, since
by Lemma 2.3(b) we have @(K,(S)) = E(S/p) (K,(S) = kerp), thus by the proof
of the necessity in Theorem 4.8 follows K,(¢(S)) = E(¢(S)) and consequently
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@(S) = S/p is nilpotent by Theorem 4.7(2). Since every homomorphic image of a
nilpotent Clifford semigroup is again nilpotent (the Corollary of Theorem 4.6), also
(S/p)/(x/p)is nilpotent and so is S/k = @(S) = T.

ADDED IN PROOF. Using the commutator calculus in inverse semigroups developed
in §3 “solvable” Clifford semigroups can be defined; these will be considered in a
subsequent paper.
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